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Abstract. We complete the classification of hyperbolic pretzel knots admitting Seifert 
fibered surgeries. This is the final step in understanding all exceptional surgeries on hy- 
perbolic pretzel knots. We also present results toward similar classifications for non-pretzel 
t— I Montesinos knots of length three. 

o 

o 

1. Introduction 

The study of exceptional surgery on hyperbolic knots has been well developed over the 
last quarter century. One particularly well studied problem is that of exceptional surgery 
on arborescent knots, which include Montesinos knots and pretzel knots. Thanks to the 
positive solution to the Geometrization conjecture |Per03a[ IPer03b[ IPer03cj . any exceptional 
surgery is either reducible, toroidal, or a small Seifert fibered space. Exceptional surgeries 
on hyperbolic arborescent knots of length 4 or greater have been classified |Wullb] . as 
have exceptional surgeries on hyperbolic 2-bridge knots [BW01]. It has been shown that no 
hyperbolic arborescent knot admits a reducible surgery |Wu96j, and toroidal surgeries on 
hyperbolic arborescent knots of length 3 are completely classified [Wulla] . 
t> Therefore, it only remains to understand small Seifert fibered surgeries on Montesinos 

knots of length 3. Furthermore, finite surgeries on Montesinos knots only occur in two 
instances, along two slopes of each of P{— 2, 3, 7) and P(— 2, 3, 9) |FIK + 09[ IIJ09] . Thus, one 
must only consider non-finite, atoroidal Seifert fibered surgeries on hyperbolic Montesinos 
O knots of length 3. 

According to Wu |WulOl IWullcj . the only hyperbolic Montesinos knots of length 3 that 
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are pretzel knots and might admit Seifert fibered surgeries have the form P(qx,q 2 ,qs,n), 
where n = 0,-1, (|gi|, \q 2 \, | ^3 1 ) = (2, \q 2 \, M), (3,3, |g 3 |), or (3,4,5), and if n = -1, then 
<7i > for i = 1, 2, 3. Recently, it was shown that hyperbolic pretzel knots of the form 
P(p, q, q) with p, q positive |IJllj or P(—2,p,p) with p positive I.IK 1 1 j do not admit Seifert 
fibered surgeries. 

Further work by Wu jWulOl IWullbl IWullcj tells us that if a non-pretzel Montesinos knot 
admits a small Seifert fibered surgery, then it has one of the following forms: K[l/3, —2/3, 2/5], 
K[-l/2, 1/3, 2/(2o + l)] for a e {3,4,5,6}, or K[-l/2, l/(2g+l), 2/5] for q> 1. 

In this paper, we address the issue of which of the above listed Montesinos knots admit 
small Seifert fibered surgeries. The main results are stated below. Keep in mind that there 
is an orientation reversing homeomorphism K(a) = K(—a), where K is the mirror of K. 
Thus, we often consider in our analysis, and present in our results, only one representative 
of {K,K}. 

For the following theorem, recall that the pretzel knot P(p,q,r) with \p\, \q\, \r\ > 2 is 
hyperbolic unless it is either P(— 2,3,3) or P{— 2, 3,5), in which case it is the torus knot 
T(3, 4) or T(3,5), respectively ( |Oer84j ). Below, when we consider the knots P(— 2,2p + 



2 



JEFFREY MEIER 



l,2q + 1), we will assume that \p\ < \q\ when p and q have the same sign and that p > 
when their signs differ. 

Theorem 1.1. The hyperbolic pretzel knot P(— 2,2p + l,2q + 1), with the conventions 
discussed above, admits a small Seifert fibered surgery if and only if p = 1, in which case it 
admits precisely the following small Seifert fibered surgeries: 

• P(-2, 3, 2q + l)(4g + 6) = S 2 (l/2, -1/4, 2/(2q - 5)) 

• P(-2, 3, 2q + l)(4g + 7) = S 2 (2/3, -2/5, l/(g - 2)) 

Theorem 1.2. Hyperbolic pretzel knots of the form P(3, 3, to) or P(3, 3, to, — 1) admit no 
small Seifert fibered surgeries. Hyperbolic pretzel knots of the form P(3, —3, m), with to < 0, 
admit small Seifert fibered surgeries precisely in the following cases: 

. P(3, -3, -2)(-l) = S\2/3, -1/4, -2/5) 
. p (3) _ 3) -3)(-l) = S 2 (-l/2, 1/5, 2/7) 
. P(3, -3, -4)(-l) = S\l/2, -1/5, -2/7) 

• P(3, -3, -5)(-l) = S 2 (l/3, 1/4, -3/5) 

• P(3, -3, -6)(-l) = S 2 (l/2, -1/3, -2/13) 

Theorem 1.3. Pretzel knots of the form P(3,±4,±5) admit no small Seifert fibered surg- 
eries. 

Theorem 1.4. Suppose that # is a non-pretzel Montesinos knot and K(a) is a small Seifert 
fibered space. Then either K = #[— 1/2, 2/5, l/(2g + 1)] for some q > 5, or # is on the 
following list and has the described surgeries. 



#[1/3,-2/3, 2/5] (-5) = 
#[-l/2,l/3,2/7](-l) = 
#[-1/2, 1/3, 2/7] (0) = 
#[-1/2, 1/3, 2/7] (1) = 
#[-1/2, 1/3, 2/9] (2) = 
#[-1/2, 1/3, 2/9] (3) = 
#[-1/2, 1/3, 2/9] (4) = 
#[-l/2,l/3,2/ll](-2) 
#[-l/2,l/3,2/ll](-l) 
#[-1/2, 1/3, 2/5] (3) = 
#[-1/2, 1/3, 2/5] (4) = 
#[-1/2, 1/3, 2/5] (5) = 
#[-1/2, 1/5, 2/5] (7) = 
#[-1/2, 1/5, 2/5] (8) = 
#[-1/2, 1/7, 2/5] (11) = 



= S 2 (l/4,2/5,-3/5) 
= S 2 (l/3,l/4, -4/7) 
S 2 (l/2, 3/10, -4/5) 
S 2 (l/2, 1/3, -16/19) 
S 2 (l/2, -1/3, -3/20) 
S 2 (l/2, -1/5, -3/11) 
S 2 (-l/4,2/3,-3/8) 
= S 2 (-2/3,2/5,2/7) 
= ^(-1/2,-2/7,2/9) 
S 2 (l/2, -1/3, -2/15) 
5 2 (l/2,-l/6,-2/7) 
S 2 (-l/3,-l/5,3/5) 
S 2 (l/2,-l/5,-2/9) 
S 2 (-l/4,3/4,-2/5) 
^ 2 (-l/3,3/4,-2/7) 



Each of the theorems stated above are proved below using a common procedure. First, 
we exploit the symmetries of the Montesinos knots in question to describe the surgery space 
as a branched double cover of a link. Next, we use rational tangle filling theory and excep- 
tional surgery bounds to restrict our attention to a finite list of such links, i.e, we restrict 
the parameters for which the Montesinos knots in question can admit small Seifert fibered 
surgeries. Finally, we use knot theory invariants to show that the branched double covers 
of links on this finite list cannot be Seifert fibered (excepting, of course, the cases that are). 
This last step makes use of the Mathematica® package Knot Theory' |Wol99] . 
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It should be noted that, concurrent with the preparation of this paper, the author learned 
that similar results had been obtained by Wu, though using different techniques. Wu also 
restricted the families to finite families of surgery spaces, but did so by studying excep- 
tional surgery on tubed Montesinos knots (see |Wul2aj ). He then appealed to a computer 
program called Snappex, to determine the hyperbolic structure of the surgeries in question 
(see |Wul2b] ). At the time of writing, it was not clear whether or not Wu's program had 
successfully checked each of the remaining cases. 

1.1. A word on non-integral surgeries. In a survey by Wu [Wu98a], it is shown how 
techniques and results from |Bri98l IWu98bj can be combined with work of Delman [Del95j 
to study which length-3 Montesinos knots have exteriors that admit persistent essential 
laminations. 

Theorem 1.5. Let A' be a hyperbolic Montesinos knot of length 3. Then the exterior of K 
admits a persistent essential lamination, and, thus, cannot admit a non-integral small Seifert 
fibered surgery, unless K = K[x,l/p,l/q] (or its mirror image), where x G {— l/(2n), — 1 ± 
l/(2n), —2 + l/(2n)}, and p, q, and n are positive integers. 

With this in mind, for many of the families of pretzel knots considered in this paper, it 
is only necessary to consider integral surgeries. However, for some families, it is necessary 
to consider non-integral surgeries. To be specific, of all the pretzel knots considered in this 
paper, only the following families could potentially admit non-integral small Seifert fibered 
surgeries: 

• P(-2, 2p + 1, 2q + 1) with 1 < p < q 

• P(3,3,-2m) with m > 2 

• P(3,3,2m, -1) with m > 1 

• m-4,5) 

Thus, whenever such a family is considered, we have shown that, in fact, there are no 
non-integral small Seifert fibered surgeries. One of the biggest open problems in the study 
of exceptional Dehn surgery is the following conjecture (see [Gor09j). 

Conjecture 1.6. Any Seifert fibered surgery on a hyperbolic knot is integral. 



in 



The results of this paper are the final steps of an affirmative answer to Conjecture L6 
the case of hyperbolic arborescent knots. 

Theorem 1.7. Any Seifert fibered surgery on a hyperbolic arborescent knot is integral. 

1.2. Open questions. Unfortunately, the techniques of this paper are insufficient to com- 
plete the classification of Seifert fibered surgery on Montesinos knots. We are left with the 
following question, which is the final step in a complete classification of exceptional surgery 
on arborescent knots. 

Question 1.8. Do the Montesinos knots K[— 1/2, 2/5, l/(2g + 1)] with q > 5 admit small 
Seifert fibered surgeries? 

2. Preliminaries 

2.1. Dehn surgery. Let A be a knot in S 3 , and let N(K) be a regular neighborhood of K. 
Let M K = S 3 \N(K) be the exterior of K. The set of isotopy classes of simple closed curves 
on dN(K) = dMx is in bijection with Hi(dMx), the latter of which is naturally generated 
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★ x D 2 

Figure 2.1. On the right, we see the exterior, Mk, of the left-handed trefoil. 
The surgery space K(0) is formed by filling the boundary of Mk with a solid 
torus such that the meridian maps to a 0-slope (a longitude of K) on OMk- 



by two elements: [p] and [A], where [fi] generates Hi(M K ) = Z, [A] = 6 H%(Mk), and 
fi and A intersect geometrically once on OMk- Orient fi and A so that fi ■ A = +1. The 
unoriented isotopy class of a simple closed curve 7 C dM K is called a slope and can be 
thought of as an element m/l G Q U {00}, where [7] = m[p] + /[A] in H 1 (dM K ). The curves 
fi and A are called the meridian and the longitude, respectively. 

Given two slopes a and {3 on T 2 , let the distance between a and f3, A (a, /3) be their minimal 
geometric intersection number. If a = m/l and /3 = ml /I', then we have A(a, id) = \mV— m'l\. 

Let V be a solid torus, and let : dV — > OMk be a homeomorphism which takes the 
meridian of V to a slope a on OMk- Then Dehn surgery on K along a, or a-Dehn surgery 
on K, is the space K(a) = Mk U <£>V. See Figure 2.1 For a general overview of the theory 



of Dehn surgery, a subject that has been well-studied since its introduction by Dehn in 1910 
[DehlOj . see |Gor09j . 

Dehn surgery generalizes nicely to manifolds M with a torus boundary component T C 
DM, where M may not be the complement of knot in S 3 . Let a C T be a slope, then a-Dehn 
filling of M on T is the space M(a) = M U^V , where (p : dV — > T sends the meridian of V 
onto a. One difference in this scenario is that there may be no canonical way to distinguish 
a longitude on T, however, A(a,j3) is still well-defined for any pair of slopes, a and f3. 



2.2. Cable spaces. Let V be a solid torus, and let J be a (p, g)-curve inside V (see Figure 



2.2). The ca&ie space, C(p,q), is the space formed by removing a regular neighborhood of 



J. Let T"i = dV and T = dN(J). There is a properly embedded annulus, A, connecting 
the two boundary components such that AC\T\ is a p/g-curve (in terms of the standard 
meridian and longitude on V) and 7 = A fl To is a pg/l-curve (see Figure 2.2). Let fi and A 
be some choice of meridian and longitude for To. Then the slope 7 is called the cabling slope 
for C(p, q). 

Let A' be a properly embedded annulus such that A' fl T is two pg/l-curves, parallel 
to each other and to 7 (see Figure 2.2). Now, let C(p,q)(a) denote a-Dehn filling on T . 
Then, if a = 7, this filling has the effect of capping off A' to form a separating 2-sphere, S, 
and capping off one boundary component of A to form a disk, D, which intersects T\ in a 
p/g-curve. The result is that that C(p,q)( , y) = (S 1 x D 2 )#L(q,p). 
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Figure 2.2. On the left, we see a (4, 5)-curve J inside a solid torus, V, and, 
on the right, we see a cross section of V — N(J), along with two interesting 
annuli, A and A'. 

Let t : C(p,q) —> C(p, q) represent Dehn twisting along A. Then, t\p) = p + l(pqp + X)) = 
(Ipq + + IX. Since C{p,q)(fj) = S 1 x D 2 , it follows that C(p,q){t l {p)) = S 1 x D 2 . So, 
slopes of the form (Ipq + all correspond to surgery slopes on To that yield solid tori. 

This shows that cable spaces have infinitely many fillings returning solid tori, all at distance 
one from the cabling slope. 

On the other hand, we have the following lemma, which follows from the Cyclic Surgery 
Theorem |CGLS 87] and work of Gabai |Gab89j . See |KanlO] for a proof and more general 
discussion. 

Lemma 2.1. (a) Let M^T 2 x/bean irreducible and d- irreducible 3-manifold with a torus 
boundary component, T . Let Tl be an incompressible torus in M, distinct from T . If 
a and are slopes on T C dM with A(a, 0) > 2, such that T\ is compressible in M(a) 
and M((3), then M is a cable space with cabling slope 7 such that A(a, 7) = A(/3, 7) = 1. 

(b) Let M 7^ T 2 x / be an irreducible and <9-irreducible 3-manifold with a torus boundary 
component, To. Let T\ be an incompressible torus in M, distinct from To. If a and j3 
are slopes on T C dM with A(a, j3)l, such that Ti is compressible in M(a) and M(j3), 
then either 

(a) M is a cable space with cabling slope a or (3, or 

(b) M is the exterior of a braid in a solid torus, M(a) and M(/3) are solid tori, and 
A(r] a , rip) > 4, where r) a and rjp are the induced slopes of the meridian on T . 

2.3. Seifert fibered spaces. A fibered solid torus is formed by gluing the ends of D 2 x I 
together with a twist p through where q > 1 and p and q are relatively prime. There 
are two types of fibers: the central fiber, i.e., the image of (0,0) x / after gluing, and the 
union of the arcs x x I, p(x) X J, • • • , p q ~ l (x) x J, for x 7^ (0, 0). 

A Seifert fibered space is a 3-manifold that can be decomposed as a disjoint union of 
circles (called fibers), where each fiber has a regular neighborhood homeomorphic to a fibered 
solid torus, i.e., the fiber becomes the central fiber of the fibered solid torus. Viewing the 
neighborhood this way, if q = 1, we say the fiber is ordinary. If q > 2, we say the fiber is 
exceptional with multiplicity q. In the latter case, the fibers surrounding the central fiber are 
called (p,q)- curves. 

If M is a Seifert fibered space, there is a natural projection ir : M — > S that identifies 
each fiber to a point. The surface S is called the base space. We can record the exceptional 
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fiber information in the form of cone points on E, so M is a circle bundle over the resulting 
orbifold. Another way to recover M is to remove a disk neighborhood of each cone point 
on E and cross the resulting surface with S 1 . The result is a manifold with torus boundary 
components. If we choose meridian and longitude coordinates for each boundary component 
so that the projection of the meridians to the base surfaces is one-to-one onto the boundary 
of the removed disks and the longitude is * x S 1 in the circle product, then M is the result 
of Dehn filling on the boundary components along the slopes p'/q, where pp' = 1 (mod q). 
If M is a Seifert fibered space with base space E and n exceptional fibers with fibered 
solid torus neighborhoods consisting of (p;/gj)-curves for i = 1,2, ... ,n, we write M = 
^G°i/<?i5 • ■ ■ iPnlln), or sometimes M = E(g 1; . . . , q n ). In fact, the homeomorphism type of 
M is determined by E and the Seifert invariants: {p'i/qi, ■ ■ ■ ,p' n /q n }, up to permutation, 
and up to the relation {p' 1 /qi,p' 2 /q 2 , ■ ■ ■ ,p' n /q n } = {p'i/qi ± l,p' 2 /<?2 =F 1, • • • In other 

words, Y^=iP'i/ ( li i s an invariant of M. Because of this, it is often useful to standardize 
the notation so that the Seifert invariants are all positive and less than one. To do this, we 
subtract out the integer part of each fraction and collect them in a single term, b. We write 
M = E(6;p' 1 /gi, . . . ,p' n /q n ), where < p\ < qi and b e Z. 

A Seifert fibered space is called small if the base space is a sphere and the number of 
exceptional fibers is at most three. 

Next, we recall a fact about Dehn filling on Seifert fibered manifolds that will be useful 
throughout this paper. Let M be a Seifert fibered manifold with a torus boundary component 
T C DM. The fibering of M induces a fibering of T, and the slope, 7, of the induced fibers 
on T is called the Seifert slope of T. Now, the Seifert fibering of M will extend to a Seifert 
fibering of a-Dehn filling on M provided that a 7^ 7. In fact, we have the following. See 
[Hei74j for a complete treatment of Dehn filling on Seifert fibered spaces with boundary. 

Lemma 2.2. If M is a Seifert fibered manifold with base surface E and n exceptional fibers, 
T C DM is a torus boundary component (corresponding to a circle boundary component 
C C <9E), and 7 is the Seifert slope T, then let M(a) denote a-Dehn filling on T, let 
d = A(a, 7), and let E = E U c D 2 . Then, 

(a) If d > 2, M(a) is a Seifert fibered space with base surface E and n + 1 exceptional fibers 
(the original exceptional fibers, plus a new one of multiplicity d). 

(b) If d = 1, M(a) is a Seifert fibered space with base surface E and (the original) n 
exceptional fibers. 

(c) If d = 0, M(a) = N#L, where iV is a Seifert fibered space with base surface E and (the 
original) n exceptional fibers, and L is a Lens space. 

As an example, consider D 2 (a,b) with Seifert slope r/s, and let d = A(m/l,r/s) = 
\ms — lr\. Then (as developed in |Gor09j ). 



2.4. Montesinos knots. A tangle is a pair (B, A), where B = B 3 and A is a pair of 
properly embedded arcs in B. A marked tangle is a tangle along with an identification of 
its boundary d(B, A) = (S,S HA), which is a 2-sphere with 4 distinguished points, with the 
pair (S" 2 , {NE, NW, SW, SE}). The trivial tangle is the tangle which is homeomorphic as a 
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Figure 2.3. Above we have the Montesinos knot if [1/3, 1/4, -3/5] and the 
2-bridge knot if [43/95] (with continued fraction [2,4,1,3,2]). 

marked tangle to {D 2 , {2 points}) x I. Let h and r be the tangle operations where h adds 
a positive horizontal half-twist (right-handed), and r is reflection in the (NW/ SE) -plane. 
Let [ci, c 2 , . . . , c m ] be a sequence of integers, and let p/q = — ; — —i . The rational 



en- 



tangle, TZ(p/q) is formed by applying the operation {h Cm r){h c 



(h Cl r) to the trivial 



tangle, which we denote 72.(1/0). Note that, as an unmarked tangle, H(p/q) is trivial, one 
can just untwist it. On the other hand, Conway showed |Con70] that, as marked tangles, 
1Z(p/q) = 1Z(p' /q') if and only if p/q — p' /q' . 

A Montesinos link of length n is a link formed by connecting n rational tangles to each 
other in a standard fashion. We denote such a knot by if (pi/qi, ■ ■ ■ ,p n /q n ) (see Figure 2.4). 
In the special case where each pi = ±1, we have what is called a pretzel knot. In this case, 
each tangle is just a strand of vertical twists, since 1/q has the continued fraction expansion 
[q\. It is easy to see that Montesinos links of length one or two are the same. These links are 
called 2-bridge links, and will be denoted K\p/q\, where p/q is the rational number describing 
the tangle twists. 

Montesinos links are determined up to the same relations as Seifert fibered spaces, so we 
can normalize the invariants and write K{b;p\/ q\, . . . ,p n /qn) where < pi < qi and & 6 Z. 



In fact, we have the following proposition, which follows from Theorem 2.5 below 



Proposition 2.3. The double cover of S 3 , branched along the Montesinos link K\p\/q\, . . . ,p n /qr, 
is the Seifert fibered space S 2 {pi/q\, . . . ,p n /q n ). 

We remark that it is often helpful to allow Pi/qi to be zero, oo, or 1 for some i, in either 
the notation for Montesinos links or Seifert fibered spaces. For our purposes, this will only 
happen when the length n is three or less, and the result should be clear from the context. 
For example, if [1/3, —1/2, 1/0] is the connected sum of a trefoil knot and a Hopf link, 
if [1/3, 2/7, 0] = if [2/13], and S 2 (2, 3, 1) is a lens space. 

2.5. Seifert fibered surgery on knots with symmetries. In this section, we recall 
some known results about Seifert fibered surgery on knots that admit a strong inversion, 
have period two, or both. In what follows, let if C S 3 be a knot and let (p : S 3 — > S 3 be a 
non-trivial orientation preserving involution such that <p(K ) = if and C v = Fix(<£>) ^ 0. By 
the positive solution to the Smith conjecture, C v is an unknotted circle in S 3 |MB84j . 

Definition 2.4. If H if ^ 0, then ip is called a strong inversion of if and if is called 
strongly invertible. In this case, (1 if = 2 points and ip reverses the orientation of if. 
If Cp fl if = 0, then we say <p is a cycle of order 2 and that if has period 2. 
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Figure 2.4. The knot P(3,3, —6), shown with its three symmetries and the 
resulting quotients. 



In this paper, we will only be interested in strong inversions and cycles of period 2. For a 
more general treatment of Dehn surgery on knots with symmetries, see [Mot03j. 

First, let us consider strongly invertible knots. Let K C S 3 be a knot with a strong inver- 
sion (p. Then ip restricts to an involution of the knot exterior, Mk, and the quotient of Mk 
by the action of <p is a tangle, 7k- The well-known Montesinos trick gives a correspondence 
between Dehn filling on Mk and rational tangle filling on 7~k- For details, see |Gor09j . The 
following is originally due to Montesinos |Mon75j . 

Theorem 2.5. Let T be a marked tangle. Then 7~(r / s) = 7~(— t/s). 

Let L r / S = Tk{— f/s), so L r / S is a knot or a two-component link in S 3 with K(r/s) as 
the double cover of S 3 , branched along L r / S . Suppose that K{r/s) is a small Seifert fibered 
space. Let : K(r/s) — > K(r/s) be the involution induced by extending (p across the filling 
solid torus. Then K{r/s)/(p = S 3 . 

If K is not a trefoil knot, then we can assume that is fiber-preserving |Mot03j . Let 
7r : K(r/s) — » S 2 be the Seifert fibration of K(r/s). Let = Fix(<p). If each component 
of C(p is a fiber in K(r/s), then K(r / s)\C<p admits a Seifert fibered structure. Since this 
structure is compatible with <p, S 3 \L r / s admits a Seifert fibered structure. In other words, 
L r / S is a Seifert link. 

Let (p : S 2 —¥ S 2 be the induced involution of the base orbifold. If one component of dp 
is not a fiber in K(r/s), then is reflection across the equatorial circle, dp, of S 2 and all of 
the cone points lie on dp |Mot03| . In this case, L r / S = dp/0 is a length-3 Montesinos link 
[MM02]. So, we have the following, as stated in |IJllj . 

Proposition 2.6. Let K be a strongly invertible hyperbolic knot, and let r/s G Q. Let 
L r / S be the link obtained by applying the Montesinos trick to K(rfs). If K(r/s) is a small 
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Figure 2.5. Possible configurations of cone points in the base sphere of a 
small Seifert fibered space 

Seifert fibered space with base orbifold S 2 , then L r / S is either a Seifert link or a Montesinos 
link. 

Seifert links are well understood |BM70l IEN85] . In the present paper, we will only be 
concerned with Seifert knots and Seifert links with two components, in which case we have 
the following. 

Lemma 2.7. Let L C S 3 be a Seifert link with at most two components. Then L is 
equivalent to one of the following: 

(a) A torus knot 

(b) A two-component torus link 

(c) A two-component link consisting of a torus knot together with a core curve of the torus 
on which it lies. 

Note that, in particular, every component of a Seifert link is a torus knot or an unknot. 

Now let K C S 3 be a knot with a cycle if of order 2. Suppose that K{r / s) is a Seifert fibered 
space with base surface S 2 , and let <p be the extension of <p\m k to K(r/s). Then, K{r/s) 
has a (^-invariant Seifert fibered structure |MM02j . Let C$ = Fix(^), and let L T / S = C$1 (p. 

If r is odd, then L r / S is a knot. If r is even, then L r / S is a link. Let K v = K/<p. K v is 
called the factor knot of K (with respect to (p), and let C v = Fix(^). In the case where r is 
odd, we can view L r / S as the image of C^/ip after r/2s surgery on K v , so L r / S is a knot in 
K v (r/2s). If r is even, then L T / S is the image of C^/ip in K [p (r/2s) together with the core 
of the surgery torus, so L r / S is a link in K v (r/2s). 

Let Ti : K(r/s) — > S 2 be a Seifert fibering of K(r/s), and let (p be the induced involution 
of S 2 , with fixed point set C$. In [MM02J, it is shown that if K is not a torus knot or a 
cable of a torus knot, then no component of C$ is a fiber in K(r/s) and C$ is the equatorial 
circle in S 2 . This implies that (p is reflection across the equator. Since ip is fiber preserving, 
if must pair up cone points in the northern hemisphere with cone points in the southern 
hemisphere. Let k denote the number of cone points in the northern hemisphere. For our 
purposes, k = or k = 1. From |MM02] . we have the following: 

Lemma 2.8. (1) If k = 0, then K v (r/2s) = K(r/s)/(p = S 3 . 
(2) If k — 1, then K v ,(r/2s) = K(r/s)/<p is a lens space.. 
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Note that S 3 and S 2 x S 1 are not lens spaces. These facts can be helpful in obstructing 
Seifert fibered surgeries, based on the knot type of K^. Throughout, U will represent the 
unknot. 

Corollary 2.9. Let K C S 3 be a period 2 hyperbolic knot with factor knot K v . Suppose 
K{r/s) is a small Seifert fibered space. 



(1) 
(2) 
(3) 
(4) 



If K v 
If K ¥ 
If 

If K lr 



PA and r is even, then A(pq,r/2s) 
Pi q and r is odd, then A(pq, r/2s) 



T 
T 

U and k 
U and k 



so |r 
so |r - 



- 2spg| 
2spg| = 



= 2. 
1. 



then 
then 



< 2. 
> 3. 



Proof. If K(r/s) is a small Seifert fibered space, then K ip (r/2s) is a lens space if k = 1 and 
S" 3 if = 0. Such surgeries on U and T m are well understood (see |Gor09j ). □ 

2.6. Some exceptional Dehn surgery results. There are many important results in the 
study of exceptional Dehn surgery that give limitations on which slopes can be exceptional 
for a hyperbolic knot K. Below, we present some of the results that will be used in this 
paper. First, we state an important result of Lackenby and Meyerhoff |LM08| that tells us 
that exceptional fillings are always "close" to each other. 

Theorem 2.10. Suppose M is a hyperbolic manifold with torus boundary component T C 
dM and that a and (3 are exceptional filling slopes on T. Then A (a, (3) < 8. 

The distance bound of 8 above can be improved if one specifies the type of space for each 
of M(a) and M{f3). Let S and T represent the sets of reducible and toroidal manifolds, 
respectively. Let L represent the set of lens spaces. Let A(Ci,C2) represent the largest 
possible value of A (a, (3) such that there exists a hyperbolic manifold M with M{pt) a 
manifold of type C\ and M(/3) a manifold of type C2 (we will always consider manifolds with 
one boundary component, though the theory is more general). The following table presents 
the known values of A(C*i, C2). 





S 


T 


S 3 


L 


s 


1 


3 


? 


1 


T 




8 


2 


? 


S 3 









1 


L 








1 



Notice that in the case of (S, S 3 ), this is equivalent to the cabling conjecture, and in 
the case of (T,L), the bound is known to be either 3 or 4 |Leellj . For a more thorough 
discussion of these bounds, the manifolds achieving them, and precise references, see |Gor09] 
and |Gor99j . 

Suspiciously absent from the above table are bounds on the distance between a (non-lens 
space) small Seifert fibered surgery and the other types of exceptional surgeries. These seem 
to be the most difficult cases to analyze, and, in particular, it is not known whether or 
not the distance 8 bound of Lackenby and Meyerhoff can be improved in most of the cases 
(though, see Theorems 2.11 and 2.12| below). 

Recent work in progress by Boyer, Gordon, and Zhang |BGZ12j gives a stronger bound on 
the distance between toroidal and small Seifert fibered fillings. The proof is complicated, and 
not all cases have yet been accounted for. However, we have the following, which can been 
seen by piecing together Corollary 7.6, Proposition 14.1, and Proposition 16.1 in [BG Z12] . 
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Theorem 2.11. For any hyperbolic manifold M, if M(a) = A B is toroidal with one of 
A or B non-Seifert fibered, then for any slope (3 such that M(f3) is a Seifert fibered space, 
A(a,/3)<6. 

Since many of the pretzel knots studied below are genus one, it will be helpful for us to 
have the following result, which gives particularly strong bounds on small Seifert fibered 
surgery slopes [BGZllJ of such knots. 

Theorem 2.12. Let M be a hyperbolic manifold with boundary component T C DM. 
Suppose that M contains a properly embedded essential once-punctured torus F such that 
F C\T has slope a. If M(a) is a small Seifert fibered space, then A(a, 0) < 3. 

2.7. Invariants from knot theory and Montesinos and torus links. In this section 
we give a very brief overview of some knot and link invariants and how they will be used to 
obstruct the quotient links encountered in this paper from being Seifert links or Montesinos 
links. We will present a series of criteria that will applied in each of the following sections. 

A link is called k-almost alternating if it has a fc-almost alternating diagram, but no 
(k — l)-almost alternating diagram, i.e., if it has a diagram D such that changing k crossings 
of D gives a new diagram that is alternating, but no such diagram where the same result is 
achieved after k — 1 crossing changes. 

Recall that the Khovanov homology, Kh(L), is a bi-graded abelian group associated to L, 
and that the width of Kh(L) is the number of diagonals that support a nontrivial element 
in Kh(L). Denote this width by |Kh(L)|. Then we have the following theorem. (See, for 
example, |AP04j .) 

Theorem 2.13. Let L be a non-split fc-almost alternating link. Then |Kh(L)| < k + 2. 

An easy exercise shows that any length-3 Montesinos link is almost alternating (i.e., 1- 
almost alternating), so we have our first obstruction criterion. 

Criterion 2.14. If |Kh(L)| > 4, then L is not a length-3 Montesinos link. 

When we encounter links L that do not satisfy this criterion, then we will use the following 
program to show they are not a Montesinos link. We will generate a list of all Montesinos 
links whose crossing numbers are compatible with that of L (i.e., less than the number of 
crossings in a diagram of L). (Note that the crossing number of a Montesinos link is well 
understood [LT88] . ) We will then check this list for elements that, if L is a knot, have the 
same determinant, Alexander polynomial, Jones polynomial, Khovanov homology, and, if 
need be, Kauffman polynomial or HOMFLYPT polynomial, and that, if L is a 2-component 
link, have the same determinant, Jones polynomial, Khovanov homology, and, if need be 
Kauffman polynomial or HOMFLYPT polynomial. We will refer to this method as Method 
1. This very large number of computations was performed using the Knot Theory' package 
for Mathematica® |Wol99j . 

Next, we observe that if K is a length-3 Montesinos link, then it is the union of 2-bridge 
knots and unknots. If K is the union of two unknots, then it has the form K\p\j qxiPij q?,iP?>l q%\ 
where each pi is even. If one component of K is the 2-bridge knot K[p/q], then K has the 
form K[pi/qi,p2/q2,x/q] with q\ and 52 even and with x = p or p, where pp = 1 (mod q). 
If we consider the unknot a 2-bridge knot, then we have the following criterion. 

Criterion 2.15. If K is a 2-component link such that one component is not a 2-bridge knot, 
then K is not a Montesinos link. 
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Using Method 1 and Criteria 2.14 and 2.15 any knot or link we encounter that we claim 



is not a Montesinos knot or link can be shown to not be a Montesinos knot or link. 

Now we recall some facts about torus knots (see, for example, |Cro04j ). Let T(p,q) be 
the (p, g)-torus link for p, q > 2, where T(p, q) is a knot if and only if p and q are coprime. 
Then, T(p,q) is a positive link, i.e., has a diagram with all positive crossings. Furthermore, 
in the case of a torus knot, 2g(T(p,q)) — (p — l)(q — 1), where g(K) denotes the genus of 
the knot K, and det(T(p, q)) = p if q is even, and 1 if both p and q are odd, where det(L) 
denotes the determinant of the link L. Let s(K) denote the Rasmussen invariant of K, as 
defined in |RaslO] , where the following was shown. 

Proposition 2.16. If K is a positive knot, then s(K) = 2g(K). 

Recall that 2g(K) is bounded below by the breadth of the Alexander polynomial, which 
we denote br(A#(i)). This gives us the following criterion. 

Criterion 2.17. If s(K) < br(A#(£)) or 2g(K) ^ s(K), then K is not a torus knot. 

We also have, by our discussion above: 

Criterion 2.18. If det(i^) > s(K) + 1, then K is not a torus knot. 

If we consider the unknot a torus knot, then each component of a two component Seifert 
link is a torus knot, so we have the following criterion. 

Criterion 2.19. If L is a two-component link such that a component is not a torus knot, 
then K is not a Seifert link. 



In what follows, Criteria 2.17, 2.18, and 2.19 often suffice to prove that a link is not a 



Seifert link. In the few cases where they fail, further argument is given to accomplish the 
feat. 

3. The case of (2, \q 2 \, |g 3 |) 



Let K p q be the hyperbolic pretzel knot P{— 2, 2p+l, 2g+l) (see Figure 3.1 ). Since Ichihara 



and Jong have shown that K PtP admits no small Seifert fibered surgery |IJ11[ IIJK11] , and by 
interchanging p and q, if necessary, we may assume that \q\ > \p\ if p and q have the same 
sign and p > otherwise. Let a r = 4(p + q + 1) — r, for r G Q. 

Note that a r is chosen this way so that a r -surgery on K VA will correspond with r-filling of 
T p , q - This becomes clear if one carefully follows through the process of obtaining T p q from 
K p q by applying the Montesinos trick and isotoping. 

Our first result is the following. 



Theorem 1.1 The hyperbolic pretzel knot P(—2,2p + l,2q + 1), with the conventions 
discussed above, admits a small Seifert fibered surgery if and only if p = 1, in which case it 
admits precisely the following small Seifert fibered surgeries: 

• P(-2, 3, 2q + l)(4q + 6) = S 2 (l/2, -1/4, 2/(2q - 5)) 

• P(-2, 3, 2q + l)(4q + 7) = S 2 (2/3, -2/5, l/(q - 2)) 

We remark that the existence of these exceptional surgeries was previously known |EM97j . 
The key fact in our method of analyzing these knots is that they are strongly invertible. 



Let T P}Q be the tangle obtained by performing the Montesinos trick (see Figure 3.1). We now 



have the advantage of viewing the surgery space K Pjq (a r ) as the branched double cover of S" 3 
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Figure 3.1. The pretzel knot P(— 2, 2p + 1, 2q + 1), the quotient tangle T m , 
and the pretzel knot P(— 2,5, — 3), shown as the boundary of a punctured 
Klein bottle 






Figure 3.2. The tangle Ti, q , along with fillings 7i, 9 (l) and 7^(2) and the 
respective Montesinos links that result after isotopy: K[2/3, —2/5, \/{q — 2)] 
and K[l/2,-l/4,2/(2g-5)] 

along Tp, g (r). It is easy to verify the two classes of exceptional surgeries in Theorem |1.1| by 
noticing that 7i >g (4g + 7) and 7i i(J (4g + 6) are the Montesinos links K[2/3, —3/5, l/(q — 2)] 



and K[l/2, -1/4, 2/(2q - 5)], respectively. [See Figure 3.2 



The proof that the K pq admits no other small Seifert fibered surgeries is accomplished by 



the following two lemmas and the techniques of Subsection 2.7 



Lemma 3.1. If K 



p.q 



at* 



is a small Seifert fibered space for p ^ 1, then \p\ < 8 and |g| < 8. 
Lemma 3.2. If Ki^ q (a r ) is a small Seifert fibered space for r ^ {1,2}, then |g| < 8. 

Before we prove these lemmas, we should remark on the possible surgery slopes a r . We 



notice that each knot K pq bounds a punctured Klein bottle at slope qjq (see Figure 3.1). 



It follows that K P}q (ao) is toroidal. By Theorem 2.10, it follows that if K Ptq 
Seifert fibered space, then A(a r , cto) < 8. 



a, 



is a small 
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Figure 3.3. The link 7^(0), whose branched double cover corresponds to 
a -surgery on K PA 

In many cases, it should be possible to reduce this distance bound to 5, but this is depen- 
dent on work in progress by Boyer, Gordon, and Zhang [BGZ12J. However, using Theorem 



2.11 we can fairly easily show the following lemma. 

Lemma 3.3. If K Ptq (a r ) is a small Seifert fibered space, and \p\, \q\ > 4, then A(a r ,ao) < 6. 

we have that 



Of course, if r is integral, this means that \r\ < 6, and if we have r/s G 
|4(p + q + l)s - r| < 6. 

Proof of Lemma \3.5\ We begin by noticing that K, 



P-M 



"0 



D 2 (2,2) U T 2 X p>q (see Figure 

3.3|). Under the h ypoth eses of the lemma, we will show that X p>q is not a Seifert fibered 

1, then X 1>q = D 2 {3, \q - 1|), and 



space, so Theorem 2.11 gives us the desired bound. If p = 
Theorem 2.11 does not apply. 

Consider the following fillings on X pq . (See Figure 3.4 



* M (0) : 
X, 



L{p + q+ 1,1) 

= L{Apq -2p-2q-3,2pq-q- 2) 
= S 2 (l/3,l/(p-l),q/(q-l)) 



If X PiQ is a Seifert fibered space, then it has, for its base surface, either D 2 or M 2 (the 



Mobius band). We will make use of Lemma 2.2 If X P) g is Seifert fibered over the disk with 



more than two exceptional fibers it cannot have lens space fillings. If X pq has the form of 



D 



-1) must be a lens 



a), then it cannot have fillings with three exceptional fibers, so X Piq ( 
space. This implies that p = 2 or q = 2. If X p>q has base surface M 2 , then it can only 
have lens space fillings or fillings with at least three exceptional fibers, two of which have 
multiplicity two. Thus, we must have p, q — 2, 3. So, assume X PA = D 2 (a, b). 

In this case, X PA has one reducible filling at slope 7 and the property that any lens space 
filling must be at distance one from 7. By considering the three fillings given above, it follows 
that 7 = 0, 00, or ±1. If 7 = —1, then X p>q (—1) must be reducible, so p — 1 or q — 1, both 
of which are not allowed values. If 7 = or if 7 = 00, then X Ptq (—l) must be a lens space, 
so p = 2 or q = 2. Finally, if 7 = 1, then the filling X pq (—1) is at distance two from the 
reducible filling, so it must have an exceptional fiber of multiplicity 2. It follows that p = 3 
or q = 3. □ 

We remark that the lemma could be strengthened to say that X p q is non-Seifert fibered if 
and only if p ^ 1 by showing that X M (1) is neither reducible, a lens space, or a small Seifert 
fibered space with finite fundamental group, as would need to be the case given the different 
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Figure 3.4. The three fillings, 0, oo, and 1, on T p , q used to show that X p>q is 
not Seifert fibered. 



Seifert fibered structures X p j(J might have. However, we will not need anything stronger than 
what we have proved. 

Proof of Lemma \3J\ Suppose that p / 1 and remove a ball around the q- twists of T PA {r) 



First, we will show that N PjT 



to form the tangle S P:T (see Figure 3.5). Let N PiT denote the branched double cover of 5; 



is hyperbolic. 
We begin by showing some interesting fillings of N Pi <, 



(see Figure 3.5). 



p,r- 



N, 



Pjn -l/g) = K P)q (a r 



p,r 



(0) 
(oo) 



p,r 



D 2 (l/2, -1/2) U T2 D 2 (-l/2,p/(2p - 1)) 
= T(2, 2p + 3)(a r ) = S 2 (-l/2, -l/(r + 2), -2/{2p + 3)) 
= K[-2p/(6p + l)](a r ) 



We remark that N Pjr (oo) and N Ptr (—l) correspond to (a r )-surgery on K Pj0 



and Kp-x, 



respectively. The latter is a 2-bridge knot with no exceptional fillings (if p ^ 1), according 
to the classification by Brittenham and Wu ( |BW01| ). Thus, N pr (—1) is hyperbolic if p ^ 1. 

Now, suppose that N p>r is not hyperbolic, so it must be reducible, 9-reducible, Seifert 
fibered, or toroidal by geometrization. However, N pr cannot be reducible, since it has 
two distinct irreducible fillings at slopes and —1 (this follows from the solution to the 
knot complement problem |GL89] ). Similarly, it cannot be Seifert fibered, since it has a 
hyperbolic filling at slope —1. It follows that N PiT cannot be (^-reducible, since the only 
irreducible, (^-reducible manifold with torus boundary is Seifert fibered, namely, the solid 
torus. 

Finally, suppose that N PjT is toroidal. If any essential torus were non-separating, then all 
fillings of N PtJ . would contain an essential non-separating torus, which is false here. Suppose 
any essential torus is separating, and decompose N P)T along an outermost such torus, F, so 
that N p>r = A Up B with A atoroidal and dN Ptr C B. If we assume, for a contradiction, that 
N Pjr (—l/q) is small Seifert fibered for some q with \q\ > 8, then we have that F compresses in 
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3 C 




Figure 3.5. The tangle <S P)r , along with two fillings, <S p , r (0) and S Ptr (oo), and 
their equivalents after isotopy. 



B(—l), B(oo), and B(—l/q). It follows, from Lemma 2.1 that B is a cable space with cabling 



slope 7 = 0. But N pr (0) is neither reducible nor a lens space, so we reach a contradiction. 
It follows that N p>r is not toroidal, and must be hyperbolic. 

is exceptional, it follows that for any exceptional 
It follows that |g| < 8, as desired. A 



Since N PjT is hyperbolic, and N P:r (oo 



filling N p>r (-l/q), A(oo, -1/q) < 8, by Theorem 
similar argument shows that \p\ < 8, as well. 



2.10 



Proof of Lemma \3.2\ We will proceed as in the lemma above by analyzing the tangle S r 



□ 



iS l r formed by removing a ball containing the q- twist region of knot T\ tq {r). We will show 
that the branched double cover N r of S r is hyperbolic. 

Consider the following fillings on N r (see Figure 3.6). Assume for a contradiction that 
q > 9 and K M (a r ) = N r (—l/q) is a small Seifert fibered space. 



N r (-l/q) = K P:q (a r ) 
N r (0) = S 2 (l/2, -1/2, 1/(2 -r)) 
iV r (oo) = 5 2 (l/2,-2/5,-l/(r + 2)) 
iV r (-l) = 5 2 (l/3,-l/4,-l/r) 
iV r (-l/2) = 5 2 (-l/3,2/5,-l/(r-l)) 
N r (l) = K[-2/7}(a r ) 

It is clear from this that A^ r is irreducible (again, by [GL89J), since it has distinct irreducible 
fillings, for any value of r. Suppose that N r is Seifert fibered. Since, for all values of r, iV r has 
fillings that are Seifert fibered with base surface S 2 , but do not contain a pair of exceptional 
fibers of multiplicity 2, the base surface of N r is orientable, i.e., D 2 . A Seifert fibered space 
with connected boundary with a small Seifert fibered filling must have 2 or 3 exceptional 
fibers. Furthermore, since no slope is distance one from 0, oo, and —1, N r has 2 exceptional 
fibers, i.e., N r = D 2 (a,b). 



SMALL SEIFERT FIBERED SURGERY ON HYPERBOLIC PRETZEL KNOTS 



17 





Figure 3.6. Four fillings, 0, oo, 1, and 1/2, of the tangle S r that help to 
prove that N r is hyperbolic if r ^ 0, 1, 2. 



By the classification of exceptional surgeries on 2-bridge knots [BW01J, N r (l) is exceptional 
if and only if a r G {0, 1, 2, 3, 4}. In this case, p = 1 and q = —1, so a r = 4 — r and this is the 
equivalent to r G {4, 3, 2, 1, 0}. However, we already know that if r = 0, 1, 2, then N r (—l/q) 
is exceptional, so we only need to consider r = 3,4. 

If r = 3, then, by considering A^(oo), we see that a = 5, and by considering AT 3 (— 1), we 
see that a cannot be 5. If r = 4, then by considering N^(— 1/2), we see that a = 3, and by 
considering A^(oo), we see this is impossible. It follows that N r cannot be Seifert fibered if 
{0,1,2}. 

It follows that iV r is non-Seifert fibered and, thereby, ^-irreducible. If N r were toroidal, 
since it has atoroidal fillings at distance two, it must be a cable space, by Lemma 2.1 
However, the only cabling slope 7 that satisfies A(7, —1/2) = 1 and A(7, 00) = 1 is 7 = 0, 
in which case we must have N r (0) be reducible or a lens space. So, we must have r = 3 and 
N 3 (0) is a lens space. Suppose N 3 = A Uj^ B with A atoroidal and dN% C B. 

Then, because B(a) = S 1 x D 2 for a G {—1/q, 00,— 1,-1/2, 1} each of these fillings induces 
a filling {3 a on A. Since B(0) = (S 1 x D 2 )j^L for some lens space L, and since iV 3 (0) is a lens 
space, it follows that A(/3q) = S 3 , so A is a knot complement. By construction, A is atoroidal. 
If A were Seifert fibered, then, by considering A(f3oo) = N 3 (oo) and A(/3_i) = N 3 (— 1) just 
as before, we reach a contradiction. 



It follows that N r must be hyperbolic (for r ^ {0, 1, 2}). An application of Theorem 2.10 
gives us that A(— 1/q, 00) < 8 if N r (—l/q) is a small Seifert fibered space, which proves the 
lemma. 

□ 



3.1. Completing the proof of Theorem 

of knots and links L 



The work above leaves us with a finite list 



J p,q,r 



r p,q( r ) 



whose branched double covers might be Seifert fibered. 



We must consider non-integral r if and only if p and q are both positive. By Proposition 2.6 
we must show that each of these links is not a Montesinos link or a Seifert link. 

Method 1 (see Subsection 2.7) can be used to show that none of the L Ptq ^ r are Montesinos 
knots or links, though it should be noted that the Kauffman polynomial must be employed in 
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a handful of cases, including distinguishing £1,4,-1 from £"[1/3, 2/5, —2/5] and for some non- 
integral values of r, and that the HOMFLYPT polynomial must be employed to distinguish 
£1,6,-2 from K[— 1/4, 1/6, 2/7]. In other words, these pairs are not distinguished by their 
Alexander polynomial or Khovanov homology. 

Now, consider when £ p , g , r is a link. Then it is the union of the unknot and the 2-bridge 
knot K[n/m), where n = 2pq — p — 2 and m = 4pq — 2p — q — 3. K[n/m] is a torus knot only 
if p = 1 and q = 3 or 4. In the latter case, £1,4,7- is the union of a trefoil and an unknot. If 
this link is to be a Seifert link, the unknotted component must lie as the core of the torus 
upon which the trefoil sits. However, the link just described can be distinguished from £i,4, r 
for all values of r using the Jones polynomial. Concerning £1,3,^., exceptional surgeries on 
the knot P(— 2,3,7) are previously well-understood |EM97j . 

It only remains to show that £p, g , r is never a torus knot. If p 7^ 1, this is accomplished by 



applying Criterion 2.17 For p — 1, Criterion 2.18 suffices 



4. The case of (3,3, \q 3 \) 

We now turn our attention to pretzel knots P(qi, q2, (fe) such that \qi\ = \q 2 \ = 3. The 
case of £(3,3,^3), where ^3 > was handled by Ichihara and Jong in |IJllj . We break up 
the remaining cases as follows. 

(1) P(3, ±3, -2m) with m > 1 

(2) P(3, 3, 2m + 1) with m < -2 

(3) P(3, -3, 2m + 1) with m < -3 or 2 < m 

(4) P(3, 3, 2m, -1) with 2 < m 

In Cases (2) and (3), it is only necessary to consider integral surgery slopes by Theorem 
11.51 Our main result is: 



Theorem 1.2 Hyperbolic pretzel knots of the form P(3,3,m) or P(3,3,m, — 1) admit no 
small Seifert fibered surgeries. Hyperbolic pretzel knots of the form P(3, —3, m) admit small 
Seifert fibered surgeries precisely in the following cases: 
. P(3, -3, -2)(-l) = S\2/3, -1/4, -2/5) 

• P(3, -3, -3)(-l) = S 2 (-l/2, 1/5, 2/7) 

. P(3, -3, -4)(-l) = S\l/2, -1/5, -2/7) 

• P(3, -3, -5)(-l) = S 2 (l/3, 1/4, -3/5) 

• P(3, -3, -6)(-l) = S 2 (l/2, -1/3, -2/13) 

4.1. Case (1). Let = P(3, ±3, — 2m). To avoid the redundancy of mirrors, we can 
restrict to m > 0. Recall that these knots can only admit non- integral small Seifert fibered 



surgeries in the case of K+. Our first result is half of Theorem 1.2 

Proposition 4.1. Let = P(3, ±3, —2m), with m > 0, be hyperbolic. Then, admits 
no small Seifert fibered surgeries, except in the following three instances. 

. P(3, -3-, 2)(-l) = 5 2 (2/3, -1/4, -2/5) 

. P(3, -3, -4)(-l) = 5 2 (l/2, -1/5, -2/7) 

• P(3, -3, -6)(-l) = S 2 (l/2, -1/3, -2/13) 

As in Section |3j we will proceed in this case by first limiting the possible surgery slopes, 
then limiting the size of m, then using techniques from Subsection |2.7 to check that small 



values of m and slopes satisfying the relevant bound do not produce small Seifert fibered 
spaces (except for the three noted cases). Let = P(3, ±3, —2m) with m > 0. We begin by 
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Figure 4.1. (a) The knot P(3, — 3, — 2m) (shown here with m = 3) bound 
punctured Klein bottles, (b) The tangle 





Figure 4.2. The tangle S~r and the link L r (m) 

observing that bounds a punctured Klein bottle. Let a+ = 12 — r and a~ = — r (again, 
these are chose so that K^(a r ) corresponds to r-fil ling on the corresponding tangle). Then 



this Klein bottle has boundary slope (see Figure 4.l| (a) for the case of K^). Since surgery 
along this slope produces a toroidal manifold (as in the previous section), any exceptional 
surgery slope for must be close to a . In particular, A(a^,ag) < 8. 

Lemma 4.2. Suppose K^(a r ) is a small Seifert fibered space. Then, m < 8. 



7^(r) and form the tangle by removing a 3-ball containing the 



see Figure 4.2). Let Mf = S±. Of course, «S±(-l/m) = Lj 



-m) 



Proof. Let Lf(— m) 
m-twist box of Lf(—m) 
and K(a r ) = M^(l/m). Assume, for a contradiction, that M^(l/m) is a small Seifert 
fibered space for some m > 9. 

Consider the following fillings of M^r, which we can easily visualize and verify by looking 



at the corresponding rational tangle fillings of S^ 1 (see Figure 4.3) 



M^(l/m) = small Seifert fibered space (by assumption) 

M-(0) = (S 1 x S 2 )#L(r,l) 

M+(0) = D 2 (2,2)U 2 T D 2 (2,r) 

M±(oo) = D 2 (2,3)U T 2 D 2 (2,3) 

As was argued in Section [3j Mf- is irreducible (it has distinct irreducible fillings), non- 
Seifert fibered (it has a non-Seifert fibered, non-reducible filling), and <9-irreducible (it is 
irreducible and not S 1 x D 2 ). Assume that M~ is toroidal, so M~ = A Up B with A 
atoroidal and dM~ C B. 
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FIGURE 4.3. Two interesting fillings of % 



Suppose that F compresses in M~(oo). Then, since A(l/m, oo) = \m\ > 2, B is a 
cable space with cabling slope 7 satisfying A (7, 00) = A(7, 1/ra) = 1. It follows that 
7 = a G Z, and |ma — 1| = 1. Since \m\ > 9, a must be zero, so 7 = 0. It follows that 
B(0) = (S 1 x £> 2 )#L, where L is a lens space, and B(oo) = B(l/m) = S 1 x L> 2 . Let /3 , A», 
and /3i/ m , be the slopes of the induced slopes of the meridian of I? after the above fillings 
are performed, so M~(a) = A(f3 a ) for a = 00 or 1/m, and M~(0) = A(f3 )#L. Since L has 
finite fundamental group, L = L(r, 1) an d A (f3 ) = S 1 x 5* 2 . 

Now, since A(/3oo,/3 ) > 4 (by Lemma 2.1), A cannot be hyperbolic, because A(S 2 ,T 2 ) = 
3. Since A was assumed to be atoroidal, it follows that A must be Seifert fibered. But A(f3oo) 
is irreducible and not Seifert fibered, so this cannot be. This contradiction means that F 
cannot compress in M~(oo). 

So, assume F remains incompressible in M~(oo). If |r| = 1, then M 1 ~(0) = S 1 x S* 2 . 
But since F is the unique incompressible torus in a non-Seifert fibered graph manifold, 
A = D 2 (2,3). In particular, M-f(O) = A((3 ) = S 1 x S 2 is not a possible filling of a trefoil 
complement. 

If \r\ > 1, then since F compresses in fillings at slopes 1/m and 0, which are at distance 
one, by Lemma 2.1[ B is either a cable space or the exterior of a braid in a solid torus. Since 
M~(0) = (S 1 x 5 2 )#L(r,l), either 5(0) or A(/3 ) is S 1 x S 2 . However, this is not possible 
for such spaces B, nor is it possible for A = D 2 (2,3). 

A(l/m, 00) 



2.11 



Thus, M~ is not toroidal, and must be hyperbolic. So, by Theorem 
\m\ < 8, a contradiction that yields the desired result. The reasoning is very similar to show 
that must be hyperbolic as well, noting that M+(0) is hyperbolic, regardless of r. 

□ 



4.2. Completing the proof of Proposition 4.1[ By our work above, we can conclude that 
if P(3, ±3, — 2m)(af) with m > admits a small Seifert fibered surgery, then |r|, \m\ < 8. 
Let L^ nr = 7^(r). We assume that r is integral for L~ r . 

First, consider the links L^ r , which are the union of an unknotted component with a 
component = K[2/3, ±2/3, — l/2m]. Because is not a torus knot or a 2-bridge knot 
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Figure 4.4. The left figure above shows the pretzel knot P(3,3,2m + 1) as 
the boundary of a punctured torus, while the right one exhibits the strong 
inversion of P(3, 3, 2m + 1) given by rotation. Here, m = —3. 



2.15 



and 



2.19 



we can conclude that is never a 2-component 



for any m, by Criteria 
Seifert link or Montesinos link 

When L^ r is a knot, we see that 2g(L^ 
a torus knot. To see that L^ r is never a Montesinos knot, we implement Method 1 



7^ 2(L* r ), so, by Criterion 



2.17 



r is never 



sec 



Subsection 2.7), accounting for r non-integral when necessary. 



4.3. Case (2) . Next, we will consider hyperbolic pretzel knots of the form K m = P(3, 3, 2m+ 
1). Here, K m is hyperbolic if m / -1 or 0, and if m is positive, then Ichihara-Jong have 
shown that K m admits no Seifert fibered surgeries |IJllj . The case when m = —2 will be 
covered in Subsection 4.5, so assume m < —3. In this section, we prove the following. 



Proposition 4.3. A hyperbolic pretzel knot of the form P(3, 3, 2m+l) with m < 
no small Seifert fibered surgeries. 



-3 admits 



As before, we will first restrict the possible values of m for which K m might admit a Seifert 
fibered surgery, then rule the remaining cases out by computer. First we note that K m has 

\r\ < 3 (see Figure 4.4). Since the three pretzel parameters 

Let 



genus one, so by Theorem 2.12 
are all odd 



cannot admit non-integral Seifert fibered surgeries by Theorem |1.5 
-r) will correspond with T m \ 



— r, so that K m (a r ) = K, 



(see below), as before. 



Lemma 4.4. If m < —10, then K m (r) is not a small Seifert fibered space. 

Proof. In a slight variation of the preceding cases, these knots possess a strong inversion that 
is a half-rotation of the plane. Let T m (r) be the resulting quotient link, as before (see Figure 



4.4). Again, we form the tangle S r by removing a ball containing the (m + l)-twist region. If 
we denote by N r the branched double cover of S 3 along S r , and assume for a contradiction 
that K m (r) is a small Seifert fibered space for some m < —10 and some r, then we have the 
following fillings of N r (see Figure 4.6). Note that N r (oo) = P(3,3, — l)(r), so it is simply 
r-surgery on the left-handed trefoil. 

N r (—l/(m + 1)) = small Seifert fibered space (by assumption) 
N r (0) = non-Seifert fibered toroidal space 
N r {oo) = S 2 (-l/2,l/3,-l/(r + 6)) 
Since N r has distinct irreducible fillings and a non-Seifert fibered irreducible filling, N r is 
irreducible, non-Seifert fibered, and ^-irreducible. If N r is toroidal, then since it has atoroidal 
fillings at distance A(— 1/ (m + 1), oo) = \m + 1| > 2, it has as a subspace a cable space with 
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Figure 4.5. The figures above illustrate how to obtain the quotient tangle 
T m by applying the Montesinos trick to the strong inversion of -P(3, 3, 2m + 1) 
given by rotating the knot n radians through its center. Here, m = —3. 




Figure 4.6. The first figures above, from left to right, are: (a) the 
link Tm{— ot T ), (b) the tangle S r , the filling <S r (oo), which is isotopic to 
K[— 1/2, 1/3, 1/(6 — r)], and (d) the fillings S r (0), whose link complement 
contains an essential torus. 

cabling slope 7 = 0. This means that N r (0) is either reducible or a lens space, which is a 
contradiction. It follows that N r is hyperbolic and that A(— l/(m + 1), oo) = |m+ 1| < 8, a 
contradiction that completes the proof. 

□ 



4.4. Completing the proof of Proposition 4.3 Let L m ^ r = T m (r) denote the quotient 
link described above, and note that it is only necessary to consider r G Z here. If L m r is a link, 
then we see that it is the union of a trefoil with the knot J m = K[l/2, 1/3, (m— 1)/ (2m — 3)]. 
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Figure 4.7. (a) The knot P(3, -3,2m + 1) (here, m = -3), shown as the 
boundary of a punctured torus, (b) along with the axis of the cycle / of period 
2 of the knot, and (c) the quotient knot Kf, here, the unknot, along with the 
image of Fix(/) in the quotient. 

Since m < —3, by assumption, J m is never a torus knot or a 2-bridge knot. It follows that 
Lm,r is never a Seifert link or a Montesinos link, by Criteria 2.19 and 2.15, respectively. 
When L mT is a knot, we see that |Kh(L m>r )| = 6 and s(L m ^ r ) < br(A^- m r (t)), so L m , r 



cannot be a Montesinos knot or a torus knot by Criteria 2.14| and |2.17 , respectively. 



4.5. Case (3). We now consider hyperbolic pretzel knots K m = P(3, —3, 2m + 1). We will 
allow m to be positive or negative, which will allow us to consider only positive surgery 
slopes (which must be integral if they are to be exceptional by Theorem 1.5). These are 
genus one knots, so K m (r) can only be exceptional if |r| < 3 by Theorem 2.12. Thus, we 
assume r = 1,2, or 3. 

These knots are the first that we have encountered with no strong inversion, so we cannot 
make use of the Montesinos trick. However, K m does have cyclic period 2, so we will study 
the space K m (r) by studying the link (L m )f, which is the image of Fix(/)/(/) in (K m )f(r/2) 



(recall this set-up from Section 2.5). See Figure [4T7 



Proposition 4.5. The hyperbolic pretzel knot P(3, —3, 2m+l) admits a small Seifert fibered 
surgery precisely in the following instances. 

. P(3,-3,3)(l) = S 2 (l/2,-l/5,-2/7) 

. P(3,-3,5)(l) = S 2 (-l/3,-l/4,3/5) 

Note that these exceptional surgeries are presented as the mirrors of those presented in 
Theorem 1.2 , Again, our first task is to restrict the possible values of m for which K m might 
admit a Seifert fibered surgery, then rule the remaining cases out by computer. We will 
handle the three cases r = 1,2, and 3 separately below. 

Lemma 4.6. The space P(3, —3, 2m + 1)(1) is not a small Seifert fibered space for |m| > 9. 
Proof. Assume that P(3, —3,2m + 1)(1) is a small Seifert fibered space with |m| > 9. As 



we have seen K m (l) is the branched double cover of S 3 along the knot 
tangle S by removing the m- twist box of (L m ) /. Let Z = S (see Figure 
the following fillings: 

Z(—l/m) = small Seifert fibered (by assumption) 
Z(0) = S 2 xS 1 

Z{-l/3) = P> 2 (2,3) U T 2 P> 2 (2,3) 
Z(-1/2) = S 2 (3,5,7) 
Z(-1) = S 2 (2,5,7) 
Z(oo) = S 2 (2,3,ll) 



(L 



We form the 



4.8). Then, we have 



m)f- 
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Figure 4.8. (a) The link KfUFix(f) in the quotient, (b) the knot L f resulting 
from (l/2)-surgery on the unknotted component, and (c) the tangle 5 formed 
by removing the m-twist area of the knot. Here, m = —3. 




Figure 4.9. Above, we see five 
5(1), 5(1/2), 5(1/3), 5(0), and 5(oo). 



interesting fillings of 5: 



It is worth noting that the last four fillings on the list correspond to exceptional fill- 
ings of hyperbolic pretzel knots. P(3,-3,7)(l) = Z(-l/3), P(3,-3,5)(l) = Z(-l/2), 
P(3, — 3, 3)(1) = Z(—l), and P(3,— 3, 1)(1) = Z{po). The lattermost is surgery on the 



rational knot JC[— 2/9]. See Figure 4.9 



Because Z has distinct irreducible fillings as well as an irreducible non-Seifert fibered 
filling, it is impossible for Z to be Seifert fibered, reducible, or (^-reducible. Assume that 
Z is toroidal, so Z = A Uf B with A atoroidal and dZ C B. Then, since F compresses in 
Z(—l/2), Z(—l), and Z(oo), and A(l/2, oo) >2,B must be a cable space. The cabling slope 
7 is restricted to be distance one from oo and —1/2, so 7 = or — 1. Since Z{—Y) is not a 
lens space nor reducible, we cannot have 7 = — 1. If 7 = 0, then B(0) = (S 1 x P 2 )#(S' 1 x S 2 ), 
which is not a possible result of filling on a cable space. 

It follows that Z is hyperbolic, so A(— 1/m), 00) < 8, so \m\ < 8, which gives the desired 
contradiction. 

□ 



Proposition 4.7. Let P(3, —3, 2m + 1) be a hyperbolic pretzel knot. Then, P(3, —3, 2m + 
1)(2) is never a small Seifert fibered space. 
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m-1 




Figure 4.10. (a) The link K f U Fix(/) in the quotient, (b) the link L f re- 
sulting from 1-surgery on the unknotted component (note that the core of the 
surgery torus is a component of the resulting link), and (c) the tangle formed 
by removing the m-twist area of the knotted component J m of the resulting 
link. Here, m = —3. 



Proof. We can precede as above, by analyzing the result of 1-surgery on the quotient knot 
(K m )f. This gives a two-component link in S 3 , (L m )f, such that the double cover of S 3 
branched along (L m )f is the surgery space P(3, —3, 2m + 1)(2). Thus, to show this surgery 
space is not a small Seifert fibered space, it suffices to show that (L m ) f is neither a Montesinos 
link of length three with two components nor a Seifert link with two components. 

First, we note that (L m ) f is the union of the unknot with the knot J rn = If [1/3, —1/3, l/(m- 
1)] (see the right half of Figure 4.10). Since J m is never torus knot, by Criterion 2.19, (L m )f 
is never a Seifert link. If m = or m = 2, then Jo = K[— 2/9] and J2 = If [2/9], respectively; 
otherwise, J m is not a 2-bridge knot, so (An)/ is not a Montesinos link, by Criterion 2.19 

If m = 0, then we are considering 2-surgery on P(3, —3, 1), which is if [2/9] (2). By the 
classification of Brittenham and Wu [BW01], this space is Seifert fibered. If m = 2, then we 
are considering the space P(3, — 3,5)(2), and if (L m )f is a Montesinos link, then it has the 
form K[x, y, z], where z = 2/9 or 4/9 and x and y have even denominator. 

Now, since (L 2 ) / has a diagram with 12 crossings, and since the ^-tangle would contribute 
6 crossings, if (A) / is to be a two component length-3 Montesinos link, then the x- and 
?/-t angles must contribute at most 6 crossings. Without loss of generality, we can assume 
x = ±1/2 and y = ±1/2 or ±1/3 or ±3/4. However, and easy check shows that the 
determinant of such Montesinos links cannot be 2. 

□ 

Finally, we consider the case of 3-surgery on hyperbolic pretzel knots K m of the type 
P(3, —3,2m + 1). These knots have period 2, so we can analyze the surgery space if m (3) 
as the double branched cover of (if m )/(3/2), where (K m )f is the factor knot K m f f for the 
self diffeomorphism / : S 3 — > S 3 of order two that preserves K m . In this case, {K m )f is the 
unknot, so (K m )f = — L(3, 2). Let L m denote the image of Fix(/)// in the surgery space 
(K m )f(3/2), i.e., L m is the branching set for the double covering. 

Proposition 4.8. Let P(3, —3, 2m + 1) be a hyperbolic pretzel knot. Then P(3, 
1)(3) is never a small Seifert fibered space. 



-3,2m + 



Proof. By the analysis of |MM02j . the link L m is actually a 2-bridge link, contained in the 
solid torus that, together with the surgery solid torus, comprises half of the genus- 1 Heegaard 



splitting of the lens space — L(3, 2) (see Figure 4.11). Thus, if we pass to a 3-fold cover, the 
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Figure 4.11. Above, on the left we have the link (K m ) f U Fix(/)// in the 
quotient, and, on the right, we have the result of (3/2)-surgery on the unknot- 
ted component: the link L m contained in a solid torus (simply view the knot 
as lying in the solid torus that comprises the exterior of unknot). 




Figure 4.12. The link L m in S 3 , which is the triple cover of L m in — L(3, 2). 



lift, L m , of L m will be a length-3 Montesinos link, contained in one half of the standard 
genus-1 Heegaard splitting of S 3 . We now describe how to see this. 

The two solid tori that comprise the splitting of — L(3, 2) are attached via a map which 
sends the meridian of one to a (— 3/2)-curve on the boundary of the other. Passing to the 
3-fold cover changes the image of the attaching map to a (— l/2)-curve, which gives S 3 . This 
lift simply triplicates the knotted part of L m . However, if we want to think about this lift 
as a knot in the standard 3-sphere, we must apply a self-diffeomorphism of S 3 to get the 
standard Heegaard splitting of S 3 (i.e., where the meridian of one torus is glued along a 
(l/0)-curve). This final step introd uces t wo full negative twists of the strands of L m . The 
result is a link L m in S 3 . See Figure 



4.12 



Since P(3, — 3,2m + 1)(3) has quotient — L(3, 2), it has the form S 2 (3, 3, c), where the 
exceptional fiber of multiplicity c corresponds to the branching locus, (L m ). It follows that 
the lift L m should be a Montesinos link of type S 2 (c, c, c). From this, it follows that c 2 divides 
the determinant of L m . We can calculate the determinant of this lift to be 49, independent 
of m, so it follows that c = 7, but then P(3, —3, 2m + 1)(3) is S 2 (7, 7, 7), which cannot have 
Euler number 3 (since 7 divides the Euler number), as is required of a space resulting from 
3-surgery. □ 



4.6. Completing the proof of Proposition 4.5 , It remains to show that the knots L 



T m (l) are neither Montesinos knots, nor Seifert knots, for m G [— 8, 8]\{ — 1, 0, 1,2} (notice 
when m = 1,2 we do get small Seifert fibered surgeries, and when m = 
P(3, —3, ±1), which are not true pretzel knots). 



1, 0, we have 
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Figure 4.13. The Montesinos knot P(3, 3, 2m, —1) in (a) standard form and 
(b) pillowcase form, and (c) the factor knot resulting from rotation about the 
axis perpendicular to the page. 





Figure 4.14. The pretzel knot P(3, 3, 2m, — 1), shown with the axis of its 
strong inversion, and the resulting tangle T m . Here m = 3. 

In fact, for these knots we have that s(L m ) ^ 2g(L m ), so they cannot be torus knots by 



Criterion 2.17 Furthermore, we can apply Method 1 to show that L m is never a Montesinos 
knot. 

4.7. Case (4). Finally, consider the case when K m is a hyperbolic pretzel knot of the form 
P(3, 3, 2m, —1) with m > 1. We note that such knots are often considered to be non-pretzel 
Montesinos knots. If m = 1, then K\ = P(— 2,3,3), and is not hyperbolic. We see that 
K m has a cyclic of period 2 (see Figure 4.13) with factor knot Kf = T 2> 3 as well as a 
strong inversion. Since Kf(r/2) must be a lens space surgery on the trefoil, it follows that 
A(r/2,6) = 1. In this case we consider the possibility of non-integral exceptional surgeries. 
Here, we note that the quotient tangle T m has 4m + 10 twists, so L mr = T m (—r) has 



4m + 10 — r. See Figure 4.15 



Proposition 4.9. The hyperbolic pretzel knot P(3,3,2m, — 1) admits no small Seifert 
fibered surgeries. 

Proof. We begin by noting that we can show that m < 8 just as we did when dealing with 



K+, earlier in this section (recall, Figure 4.3), so we will omit the details. Consider the 
quotient links L m ^ r obtained via the Montesinos trick. When r is even, they consist of an 
unknotted component, together with a component J m , which is the knot K[—l/3, —1/3, 1/m] 
(see Figure 4.15 ). 



Since J m is never a torus knot or a 2-bridge knot (for m > 1), L m>r is never a Seifert link 



or a Montesinos link, by Criteria 2.19 and 2.15, respectively. 



When L m>r is a knot, we see that |Kh(L mr )| > 4 and s(L mr ) < br(A im (£)), so, by 



Criteria 2.14 and 2.17, L mr is never a Montesinos knot or a torus knot. 



□ 
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Figure 4.15. The link L m ^ r and the component J m . Here m = 3 and r = 12 
(hence, 4m + 10 — r = 10 twists). 



5. The case of (3,4,5) 

We next turn our attention to the pretzel knots P(3, ±4, ±5). We will follow the same 
program in which we make use of the strong inversion and analyze the quotient link along 
with its double branched cover to achieve the following result. Because this is not an infinite 
family of knots, we do not need to argue to restrict any parameters as we have above. Since 
these knots bound punctured Klein bottles at slope a , we only need to consider fillings 
a r = ao — r at distance at most 8. Our only task here is to show that the quotient links 
are not Seifert links nor Montesinos links. In the case of P(3, — 4, 5), we must consider 
non-integral surgeries. 



Theorem 1.3, The hyperbolic pretzel knots P(3, ±4, ±5) admit no small Seifert fibered 
surgeries. 

Proof. Let £±,±, r be the quotient link resulting from the Montesinos trick. When r is even, 
£±,±,r — U U J, where J = if [2/3, ±1/2, ±2/5], which is never the unknot, a two-bridge 
knot, or a torus knot. Thus, by Criteria 2.15 and 2.19, L± t ± jr is never a Montesinos link 



with two components or a Seifert link with two components. 

When £±,±,r is a knot, 2g(L± j ± j1 .) ^ s(L± i ± )r ), so £±,±,r is not a torus knot, by Criterion 
and we can use Method 1 to show that £±,±,r is never a Montesinos knot. 

□ 



2.17 



6. Non-pretzel Montesinos knots 

In this section we discuss small Seifert fibered surgery on non-pretzel Montesinos knots. By 
Wu |WulOjlWuTTc] . we need only consider a handful of cases: K[l/3, -2/3,2/5], if [-1/2, l/3,2/(2a- 
1)] for a G {3, 4, 5, 6, }, and if [-1/2, 2/5, l/(2g + 1)] for q > 1. We prove the following the- 
orem. 



Theorem 1.4 , Suppose that if is a non-pretzel Montesinos knot and if (a) is a small Seifert 
fibered space. Then either if = if [—1/2, 2/5, l/(2g + 1)] for q > 5, or if is on the following 
list and has the described surgeries. 



#[1/3,-2/3, 2/5] (-5) 
if[-l/2,l/3,2/7](-l) 
if[-l/2,l/3,2/7](0) = 
if[-l/2,l/3,2/7](l) = 
if [-1/2, 1/3, 2/9] (2) = 
if [-1/2, 1/3, 2/9] (3) = 



= S 2 (l/4,2/5,-3/5) 
= S 2 (l/3,l/4, -4/7) 
S 2 (l/2, 3/10, -4/5) 
S 2 {l/2, 1/3, -16/19) 
S 2 {l/2, -1/3, -3/20) 
S 2 (l/2, -1/5, -3/11) 
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K[-l/2, 1/3, 2/9] (4) = S 2 (-l/A, 2/3, -3/8) 
K[-l/2, 1/3, 2/ll](-2) = S 2 (-2/3, 2/5, 2/7) 
K[-l/2, 1/3, 2/ll](-l) = S 2 (-l/2, -2/7, 2/9) 
K[-l/2, 1/3, 2/5] (3) = S 2 (l/2, -1/3, -2/15) 
if [-1/2, 1/3, 2/5] (4) = S 2 (l/2, -1/6, -2/7) 
if [-1/2, 1/3, 2/5] (5) = S 2 (-l/3, -1/5, 3/5) 
K[-l/2, 1/5, 2/5] (7) = S 2 (l/2, -1/5, -2/9) 
if [-1/2, 1/5, 2/5] (8) = S 2 (-l/4, 3/4, -2/5) 
K[-l/2, 1/7, 2/5](ll) = S 2 (-l/3, 3/4, -2/7) 



Question 1.8[ Do the Montesinos knots K[— 1/2, 2/5, l/(2g + 1)] with g > 5 admit small 
Seifert fibered surgeries? 

With the exception of the case noted in the question above, we now prove the list give 



in Theorem 1.4 is complete. In proving the theorem, we will consider the three types of 



Montesinos knots involved separately. Note that throughout, we assume reZ. 

6.1. The case of if [1/3, -2/3, 2/5]. First, consider the case when if = if [1/3, -2/3, 2/5]. 
By Wu |Wullaj . if (—4) and if (—6) are toroidal, so it suffices to consider if(r) for —12 < 



r < 2, by Theorem 2.10 Define L r , as we have done before (see Figure 6.1 (left side)). To 
show that L r is not a Montesinos link or knot, we apply Method 1. In the case of even r, 
we note that L r = U U T(2, 3), so if L r is a length-3 Montesinos link with two components, 
then one tangle is either a (l/3)-tangle or a (2/3)-tangle. When such a check is performed, 
precisely one match is found: if [1/3, — 2/3, 2/5](— 5) is a Seifert fibered space, as shown in 
Theorem 11.41 



To see that L r is never a Seifert link, we simply note that for odd r, L r cannot be a torus 



knot, by Criterion 2.17, since |s(L r )| < br(A Lr (q). If r is even, we note that L r = UUT(2, 3). 
A priori, L r may be a trefoil union one of its core curves; however, this link has crossing 
number 7, and the crossing number of L r is at least br(VL r ) = 10. Thus, L r is never a two 
component Seifert link. 

6.2. The case of if [-1/2, 1/3, 2/(2o + l)]. In the c ase where K a = if [-1/2, 1/3, 2/(2a + 1)] 
for a e {3,4,5,6}, we note that by Wu |Wullaj we have the following toroidal fillings: 
if 3 (— 2), if 4 (5), ifs(2), if 5 (— 3), and ife(2), so we consider surgery slopes r with distance at 
most 8 from the corresponding toroidal filling. 



We proceed as above, considering links and knots L a r (see Figure 6.1 (right side)), to show 
that L a r is never a Montesinos knot or link, noting in this case that L a r — U U J, where J 
is T(2, 5) if a = 3, T{2, 3) if a = 4, and the unknot if a = 5 or 6. By applying Method 1, we 



find that the Montesinos links are precisely those stated in Theorem |1.4 



If r is even, and L a ^ r is a Seifert link, we must have that L^^ is the union of T(2,5), 
together with a core curve, L^ r is the union of T(2, 3), together with a core curve, and L 5jr 
and Lq }T have the form T(2, 2n) for some n. However, L^ >r and Lq^ cannot have this form, 
since they are not alternating, a fact deduced by noticing that |Kh(L ajr )| > 3. As above, 
L 4 r cannot have the said form because it must have at least 9 crossings. Finally, we see 
that L 3 r has linking number ±1, while T(2,5) has linking number ±5 or ±2 with its cores. 
Thus, L a r cannot be a two component Seifert link. 



If r is odd, we can obstruct most of the L a r . from being torus knots by using Criterion 2.17 



However, L 3j i and L 41 have equal Rasmussen invariant and breadth of Alexander polynomial. 
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Figure 6.1. On the left, we have the Montesinos knot if [1/3, 1/3 - 3/5], 
along with the axis of one of its strong inversions, and the quotient link L r . 
On the right, we have the Montesinos knot K[—l/2, 1/3,2/9], along with the 
axis of its strong inversion, and the quotient link L a r with a = 4. In the case 
of K[—l/2, 2/5, l/(2a + 1)], we have a picture similar to that on the right. 



The former, in fact, corresponds to a Seifert fibered space, so consider L 41 . Since this knot 
has determinant 1, if it is to be a torus knot of the form T(a,b), both a and b are odd. 
Furthermore, since it has Rasmussen invariant equal to 10, we have 10 = (a — 1)(6 — 1), 
which is impossible if a and b are both odd. Thus, L a , r is never a torus knot. 



6.3. The case of K[— 1/2,2/5, l/(2g + 1)]. Finally, we are left with the case when K q = 
K[—l/2, 2/5, l/(2g+ 1)] and q > 1. By Wu |Wullaj . we have the following toroidal fillings: 
K\ (6), -^2(9), ^(12), ^(15) so for q < 4, we can bound the surgery slope r, and complete 
the classification. For larger q, we cannot. Furthermore, we obtain no bound on q, as we 
have done above. 

If we again consider L qr , we see that for q < 4 and odd r, many L q>r have s(L qr ) < 



hi(A Lq r (t)) or det(L q r ) > s(L Q:r ) + 1, so they cannot be torus knots, by Criteria 2.17 and 



2.18, respectively. However, det(Li jr ) = s(Li jT .) + 1 for r £ {5,7,9,11,13}. It follows that 



L\ >r = T(2,r) is possible. However, |Kh(Li iT .)| = 3 for such r, so they cannot be alternating 
knots. 

When r is even, we note that L q ^ r — U U J q , where J q is the 2-bridge knot i^[2/(2g — 9)]. 
This knot is only a torus knot (or the unknot) if q = 3, 4, 5, or 6, so L q ^ r can only be a Seifert 
link for these values, by Criterion |2.19| However, L 4 r is never alternating, so it cannot be 
T(2, 2k), and, L 3 r has at least 9 crossings, so it cannot be the trefoil union a core curve. 

We show L ? r cannot be a Montesinos knot or link by applying Method 1. When r is even, 
we note that one tangle would be a {2/{2q + 5))-tangle or a ((g + 3)/(2g + 5))-tangle. 
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